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Abstract—Harmonic functions are the critical points of a Dirichlet energy functional, the linear projections of conformal maps. They
play an important role in computer graphics, particularly for gradient-domain image processing and shape-preserving geometric
computation. We propose Poisson coordinates, a novel transfinite interpolation scheme based on the Poisson integral formula, as
a rapid way to estimate a harmonic function on a certain domain with desired boundary values. Poisson coordinates are an extension
of the Mean Value coordinates (MVCs) which inherit their linear precision, smoothness, and kernel positivity. We give explicit formulae
for Poisson coordinates in both continuous and 2D discrete forms. Superior to MVCs, Poisson coordinates are proved to be pseudo-
harmonic (i.e., they reproduce harmonic functions on n-dimensional balls). Our experimental results show that Poisson coordinates
have lower Dirichlet energies than MVCs on a number of typical 2D domains (particularly convex domains). As well as presenting a
formula, our approach provides useful insights for further studies on coordinates-based interpolation and fast estimation of harmonic
functions.

Index Terms—Poisson integral formula, transfinite interpolation, barycentric coordinates, pseudo-harmonic.
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1 INTRODUCTION

HARMONIC functions are continuous maps from an
open subset of Rn and its boundary, Ω

⋃
∂Ω, to

R; they are twice continuously differentiable in Ω and
satisfy the Laplace’s equation:

∆u =
∂2u

∂x2
1

+
∂2u

∂x2
2

+ ...+
∂2u

∂x2
n

= 0.

From a variational perspective, harmonic functions
are the critical points of the following Dirichlet energy
functional, which has been frequently used in gradient-
domain image processing [1], [2], [3]:

ED[w] =
1

2

∫
Ω

|∇w|2dx,

where ∇w is the gradient vector field of w.
Harmonic functions are also closely related to confor-

mal geometry [4], [5], and play an important role in shape-
preserving geometric computation, e.g., surface parameteri-
zation [6], [7], space deformation [8], [9], and quadrilateral
remeshing [10].

In practice, we often face the problem to determine a
harmonic function on a certain domain under conditions
of fixed, continuous boundary values. This is known as
the Dirichlet problem [11], and was well studied in the
early 20th century. The existence and uniqueness of the
solution as long as the domain’s boundary contains no
irregular point were proved by Hilbert [12] and Perron
[13]. Furthermore, the solution to the Dirichlet problem
is known to be a linear combination of boundary values
in the following integral form:

u(x) =

∫
ζ∈∂Ω

HΩ(x, ζ)f(ζ)dσ(ζ), (1)
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where dσ(ζ) is the area element of ∂Ω at the boundary
point ζ, and f(ζ) are the given boundary values, and
HΩ(x, ζ) are called the harmonic coordinates of x (in co-
ntinuous form) with respect to each boundary point ζ.
These harmonic coordinates are also closely related to
Green’s functions (refer to [14]).

To study the Dirichlet problem in the discrete case, we
pay attention to simplicial polytopes (i.e., the polytopes
whose facets are all simplices). For such polytopes, val-
ues are given at vertices, and all other boundary values
are interpolated linearly within each facet. In such a case,
(1) can be rewritten as:

u(x) =
∑

v∈V (P )

HP (x, v)f(v), (2)

where V (P ) are the vertices of polytope P , and HP (x, v)
are the harmonic coordinates of x (in discrete form) with
respect to each vertex v. Readers may refer to DeRose
et al. [15], [16] for further details on discrete harmonic
coordinates.

Harmonic coordinates are uniquely determined by the
domain Ω (or P in discrete case), but generally they do
not have a closed-form expression except for a few spe-
cialized domains (e.g., n-dimensional balls). This inspires
a number of numerical solvers to the Dirichlet problem
[15], [16], [17], [18]. Both of them require to solve large
sparse linear equations on certain global structures of the
whole interior region.

As well as numerical methods, coordinates-based ap-
proaches have been proposed for fast transfinite interpo-
lation. These techniques provide explicit expressions of
harmonic-like functions with desired boundary values.
As a representative instance, Floater’s Mean Value coor-
dinates (MVCs) [19], [20], [21], [22], [23] always produce
smooth interpolations in both continuous and discrete
cases. However, a crucial problem of MVCs is that they
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do not produce rigorous harmonic functions on the most
ordinary regions: n-dimensional balls.

In this work, we propose Poisson coordinates, an ex-
tension of MVCs. By allowing the projection spheres
of MVCs to be translated and using the Poisson inte-
gral formula instead of the Circumferential Mean Value
Theorem, we derive Poisson coordinates in continuous
form, as a novel transfinite interpolation scheme. We
then prove that Poisson coordinates are barycentric and
also possess the same smoothness and kernel posi-
tivity as MVCs. Moreover, by choosing the projection
spheres adaptively according to the positions of target
points, Poisson coordinates are able to reproduce har-
monic functions on n-dimensional balls. This important
characteristic is called the pseudo-harmonic property (see
[24]). MVCs do not have this feature. Finally, we give
an explicit formula for discrete Poisson coordinates on
2D polygons. Experimental results reveal that Poisson
coordinates have lower Dirichlet energies than MVCs
on a number of typical 2D domains, particularly convex
domains.

Contributions

To the best of our knowledge, Poisson coordinates are
the first transfinite interpolation technique to satisfy all
of the following key properties:
• Poisson coordinates are explicit coordinates in both

continuous case and 2D discrete case.
• Poisson coordinates inherit MVCs’ linear precision,

smoothness, and kernel positivity.
• Poisson coordinates are pseudo-harmonic.

Overview

In Section 2, we will first review the coordinates-based
transfinite interpolation methods. In Section 3, we will
introduce the Poisson integral formula and then use it
to derive the Poisson coordinates in continuous form.
In Section 4, we will further present an explicit formula
for discrete Poisson coordinates on 2D polygons. Exper-
imental results will be displayed in Section 5.

2 BACKGROUND AND PREVIOUS WORK

Previous work on coordinates-based transfinite interpo-
lation is copious. Here we briefly review the best known
approaches, with the emphasis on MVCs. Readers may
refer to Belyaev’s survey [24] for a detailed analysis of
these coordinates in continuous form. For the discrete
case, Ju et al. [25] provided an in-depth geometric ex-
planation for general barycentric coordinates on convex
simplicial polytopes.

Mean Value Transfinite Interpolation

MVCs were first established by Floater [19], where both
an interpolation formula and the corresponding explicit
discrete coordinates on 2D polygons were presented.

To estimate the value at an arbitrary point x within
the kernel of Ω, a unit sphere Sx with center at x (the
projection sphere) is constructed. For each point ξ on Sx,
the ray [x, ξ) crosses ∂Ω at a unique point ζ, as shown
in Fig. 1.

Fig. 1. MVCs computation: Sx is a unit sphere. ξ is on
Sx. ζ is on ∂Ω. αx,ζ is the intersection angle between the
ray [x, ζ) and the outward normal of ∂Ω at ζ.

We use u(x) and f(ζ) to linearly estimate the value at
the point ξ, denoted by ux(ξ):

ux(ξ) = u(x) +
|x− ξ|
|x− ζ|

[f(ζ)− u(x)], (3)

where |x− ξ| is always equal to 1.
Inspired by the Circumferential Mean Value Theorem

[14] of harmonic functions, MVCs require values in (3)
to satisfy the following equation:

u(x) =
1

ωn−1

∫
ξ∈Sx

ux(ξ)dσ(ξ), (4)

where ωn−1 is the surface area of a unit sphere in Rn.
Substituting the ux(ξ) in (4) with (3), we obtain Mean

Value interpolation:

u(x) =
1

ΦΩ(x)

∫
ξ∈Sx

f(ζ)

|x− ζ|
dσ(ξ), (5)

where:
ΦΩ(x) =

∫
ξ∈Sx

1

|x− ζ|
dσ(ξ)

is a positive factor depending on Ω and x.
Note that there is a relation between the following

(n− 1)-dimensional area elements:

dσ(ξ) =
cosαx,ζ
|x− ζ|n−1

dσ(ζ),

where αx,ζ is the intersection angle between the ray [x, ζ)
and the outward normal of Ω at ζ. Therefore, (5) can be
rewritten as:

u(x) =
1

ΦΩ(x)

∫
ζ∈∂Ω

cosαx,ζ
|x− ζ|n

f(ζ)dσ(ζ), (6)
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with the MVCs in continuous form:

MVΩ(x, ζ) =
1

ΦΩ(x)

cosαx,ζ
|x− ζ|n

, (7)

where:
ΦΩ(x) =

∫
ζ∈∂Ω

cosαx,ζ
|x− ζ|n

dσ(ζ).

Hormann and Floater [22] noticed that, the formula
(6) can be extended to the whole interior region, but not
limited to the kernel. In fact, for x in Ω but outside the
kernel, [x, ξ) may have multiple intersections with ∂Ω:
ζj(j = 1, ..., n(x, ξ)); n(x, ξ) odd. In such a case, we can
rewrite the Mean Value formula (4) as:

u(x) =
1

ωn−1

∫
ξ∈Sx

n(x,ξ)∑
j=1

(−1)j−1ux(ξ)

 dσ(ξ). (8)

Substituting the term ux(ξ) in (8) with:

ux(ξ) = u(x) +
1

|x− ζj |
[f(ζj)− u(x)],

we obtain:

u(x) =
1

ΦΩ(x)

∫
ξ∈Sx

n(x,ξ)∑
j=1

(−1)j−1 f(ζj)

|x− ζj |

 dσ(ξ), (9)

where:

ΦΩ(x) =

∫
ξ∈Sx

n(x,ξ)∑
j=1

(−1)j−1

|x− ζj |

 dσ(ξ).

By rewriting the right hand side of (9) as an equivalent
integral over ∂Ω, we can also obtain the same formula
as in (6). Therefore, (6) is a transfinite interpolation.

Properties of MVCs are further discussed in [22] and
[23]; it has been proved that MVCs are barycentric and
smooth in 2D. In higher dimensions, similar properties
have also been considered in [26].

In the discrete case, Floater [19] provided an explicit
expression for discrete MVCs on 2D polygons, by cal-
culating the integral in (6) by parts. For higher dimen-
sions, Ju et al. [20] and Floater et al. [21] independently
formulated explicit discrete MVCs on 3D simplicial poly-
hedrons.

More recently, Lipman et al. [27] sought coordinates
MV (x, ζ) which are zero for all ζ invisible from x,
and called the results positive MVCs (PMVCs). However,
PMVCs lack C1 continuity.

Wachspress-Warren Transfinite Interpolation
Wachspress [28] discovered a barycentric interpolation
formula on 2D polygons with affine-invariant discrete
coordinates. Later, a geometric expression in terms of
angles was given by Meyer et al. [29]. More recently,
Warren et al. [30], [31] extended these coordinates to
higher dimensions, not only for polytopes but also for
general domains as a transfinite interpolation. However,
Wachspress-Warren coordinates do not possess the kernel
positivity.

Laplace Transfinite Interpolation

Schaefer et al. [32] described the Laplace transfinite in-
terpolation. They minimized the Dirichlet energy of the
piecewise linear function (3) to estimate the value at
arbitrary points within the kernel. The discrete form of
Laplace transfinite interpolation corresponds exactly to
the well-known discrete harmonic coordinates (or cotangent
weights) [33], [34], [35], which are widely used in finite
element analysis and discrete differential geometry.

Pseudo-Harmonic Transfinite Interpolation

A transfinite interpolation is called pseudo-harmonic if it
reproduces harmonic functions on n-dimensional balls.
Belyaev [24] showed that none of the above methods
(i.e., the Mean Value, Wachspress-Warren, and Laplace
transfinite interpolations) are pseudo-harmonic. In con-
trast, Shepard transfinite interpolation [36] is known to be
pseudo-harmonic [37]. However, Shepard interpolation
is not barycentric, which greatly limits its usability. An-
other pseudo-harmonic, barycentric scheme is Gordon-
Wixom transfinite interpolation [38], whose 2D discrete
form was first derived by Belyaev [24]. However, com-
puting 2D discrete Gordon-Wixom coordinates requires
prior division of all the polygon’s sides, which might
greatly enlarge the polygon’s degree, especially for non-
convex polygons. Furthermore, the explicit expression
for 2D discrete Gordon-Wixom coordinates is complex:
Belyaev notes they are “too lengthy to present” [24].
Recently, Manson et al. proposed the positive Gordon-
Wixom coordinates [39] with explicit expression for both
2D polygons and B-splines. However, positive Gordon-
Wixom coordinates are not pseudo-harmonic.

Other Transfinite Interpolation Approaches

Several other coordinates-based transfinite interpolation
techniques have also been proposed. Maximum Entropy
coordinates [40] are always non-negative and smooth, but
an explicit expression is not available, and a numerical
calculation is required. Moving Least Square coordinates
[41] can handle non-closed and self-intersecting poly-
gons, and can reproduce polynomial functions to an
arbitrary specified degree, but the computational cost
is high. More importantly, neither of these methods is
pseudo-harmonic.

3 CONTINUOUS POISSON COORDINATES

To improve MVCs, we first introduce the Poisson inte-
gral formula (in Section 3.1). Based on this formula, we
then present Poisson transfinite interpolation with Pois-
son coordinates in continuous form (in Section 3.2 and
3.3). We prove that Poisson coordinates are barycentric
and pseudo-harmonic.

3.1 Poisson Integral Formula

Consider the ball Br in Rn centered at the origin with
radius to r. There is an analytic solution to the Dirichlet
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problem on Br via the following Poisson integral for-
mula (see [14]):

u(x) =

∫
ζ∈∂Br

r2 − |x|2

rωn−1|x− ζ|n
f(ζ)dσ(ζ), (10)

where ωn−1 is the surface area of the unit sphere in Rn.
Note that the Circumferential Mean Value Theorem is
the special case of (10) when x is at the center.

By comparison to (1), this Poisson integral formula
gives a closed-form expression for continuous harmonic
coordinates on Br:

HBr (x, ζ) =
r2 − |x|2

rωn−1|x− ζ|n
, (11)

which is also called the Poisson kernel.
From (7) and (11), we can deduce that:

MVBr
(x, ζ) = ΛBr

(x) cosαx,ζHBr
(x, ζ), (12)

where
ΛBr (x) =

1

ΦBr
(x)

rωn−1

r2 − |x|2

is a positive factor relies on Br and x.
From (12) we can easily see that:

Proposition 1. For x ∈ Br, MVCs are equivalent to har-
monic coordinates if and only if x is at the center.

Proof: First, note that the coordinates MVBr
(x, ζ) and

HBr (x, ζ) are equivalent if and only if all the αx,ζ are
the same. However for the point ζ for which the ray
[x, ζ) crosses the center, αx,ζ is exactly 0. Therefore, all
the angles αx,ζ being the same means that they are all
equal to 0, which implies that x is exactly at the center
of Br. �

This proposition reveals that MVCs are not pseudo-
harmonic. However we will show in the next subsection
that they can be modified to be pseudo-harmonic if the
projection spheres are translated appropriately.

3.2 Poisson Transfinite Interpolation
To formulate Poisson transfinite interpolation, we follow
the notation in Section 2. But unlike MVCs, the center of
Sx is not required to be x any more, and we now denote
it by κx, as shown in Fig. 2.

Like MVCs, we retain the linear estimation in (3), but
replace the Mean Value formula (4) with the following
equation from the Poisson integral formula [14]:

u(x) =
1− |x− κx|2

ωn−1

∫
ξ∈Sx

1

|x− ξ|n
ux(ξ)dσ(ξ). (13)

Note that:

u(x) =
1− |x− κx|2

ωn−1

∫
ξ∈Sx

1

|x− ξ|n
u(x)dσ(ξ),

thus (13) can be rewritten as:∫
ξ∈Sx

1

|x− ξ|n
(ux(ξ)− u(x)) dσ(ξ) = 0. (14)

Fig. 2. Poisson coordinates computation: Sx is a trans-
lated unit sphere with center at κx. βx,ξ is the intersection
angle between [x, ξ) and [κx, ξ).

Substituting the ux(ξ) in (14) with (3), we obtain the
following Poisson interpolation:

u(x) =
1

ΨΩ,Sx(x)

∫
ξ∈Sx

f(ζ)

|x− ζ||x− ξ|n−1
dσ(ξ), (15)

where

ΨΩ,Sx(x) =

∫
ξ∈Sx

1

|x− ζ||x− ξ|n−1
dσ(ξ)

is a positive factor relies on Ω, x, and Sx.
Going a step further, note that:

dσ(ξ) =
cosαx,ζ
cosβx,ξ

|x− ξ|n−1

|x− ζ|n−1
dσ(ζ),

where βx,ξ is the intersection angle between [x, ξ) and
[κx, ξ), thus we can rewrite (15) as the following Poisson
transfinite interpolation (it is also for x outside the kernel
of Ω, like MVCs, as discussed in Section 2):

u(x) =
1

ΨΩ,Sx
(x)

∫
ζ∈∂Ω

cosαx,ζ
cosβx,ξ

1

|x− ζ|n
f(ζ)dσ(ζ), (16)

with the Poisson coordinates in continuous form:

PΩ,Sx
(x, ζ) =

1

ΨΩ,Sx(x)

cosαx,ζ
cosβx,ξ

1

|x− ζ|n
, (17)

where

ΨΩ,Sx
(x) =

∫
ζ∈∂Ω

cosαx,ζ
cosβx,ξ

1

|x− ζ|n
dσ(ζ).

Since βx,ξ and αx,ζ are all acute for x within the kernel
of Ω, it follows that the Poisson coordinates in (17) have
kernel positivity. However, like MVCs, Poisson coordi-
nates may be negative for points outside the kernel.

Next, we prove that Poisson coordinates have linear
precision (i.e., they are barycentric):

Proposition 2. Poisson coordinates have linear precision.
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Proof: Assume f is a linear function defined over the
whole of Rn. We show that Poisson transfinite inter-
polation reproduces f . This assertion is based on two
observations:

Firstly, (15) is the unique solution to (3) and (13).
Secondly, let u(x) = f(x) and ux(ξ) = f(ξ), we show

that they precisely satisfy (3) and (13) at the same time.
In fact, (3) is satisfied because f is linear on the ray
[x, ξ). Also, (13) is satisfied because f is harmonic, so
Poisson integral formula reproduces f . It follows that
u(x) = f(x) is a solution to (3) and (13).

Therefore, (15) must be exactly equal to f(x) due to
the uniqueness of the solution, which implies Poisson
coordinates have linear precision. �

3.3 Placement of Projection Spheres
Note that kernel positivity and linear precision of Pois-
son coordinates do not depend on the positions of pro-
jection spheres. However these spheres surely affect the
interpolation. In this subsection, we present a strategy to
adaptively place the projection spheres (i.e., to place the
centers κx), and then prove that Poisson coordinates are
pseudo-harmonic with this placement.

We first introduce the concept of regular placement:

Definition 1. Let S be a sphere that covers Ω, a placement
of the projection spheres is said to be regular with respect
to S, if each projection sphere Sx is homothetic to S, with
x be the homothetic center, i.e., the center κx satisfies:

κx = x+ (κ− x)/r, (18)

as shown in Fig. 3. S is said to be the base sphere of this
regular placement.

Fig. 3. Regular placement: S is the ‘base sphere’ with
center at κ and radius to r. Sx is a unit projection sphere,
whose center κx lies on the ray [x, κ) and satisfies κx =
x + (κ − x)/r, so that Sx and S are homothetic, and x is
their homothetic center. Sy and Sz are similar.

Regular placement is an important concept. With reg-
ular placement, the angle βx,ξ can be translated along
[x, ξ) to locate its vertex on the base sphere (see Fig. 4,

Fig. 4. Translate the angle βx,ξ along [x, ξ) to locate its
vertex on the base sphere. Note that βx,ξ = βx,η, due to
the homothety.

where βx,ξ = βx,η). Since S is a fixed sphere, βx,ξ(= βx,η)
is analytic, which guarantees the smoothness of Poisson
coordinates:

Proposition 3. With regular placement, Poisson coordinates
in (17) are smooth (C∞) in Ω.

Proof: With regular placement, both of cosαx,ζ , cosβx,ξ,
and |x− ζ|n are analytic. Therefore, the Poisson coordi-
nates in (17) are composed of analytic functions and thus
are C∞ in Ω. �

More than the interior smoothness, regular placement
also guarantees the continuity of the interpolation on the
boundary ∂Ω:

Proposition 4. With regular placement, if the given bound-
ary values f are continuous on ∂Ω, and the Condition 1 in
Appendix is satisfied, then the function u in (16) converges
to f at the boundary ∂Ω (i.e., u interpolates f ).

Proof of Proposition 4 can be found in the Appendix,
and readers may skip it without loss of continuity.

By choosing different base spheres, there is a family
of regular placements. However, we next focus on the
following unique basic regular placement:

Definition 2. Let SΩ be the smallest sphere that covers Ω.
The regular placement with respect to SΩ is said to be the
basic regular placement.

We prove that Poisson coordinates using the basic regu-
lar placement are pseudo-harmonic:

Proposition 5. With basic regular placement, Poisson coor-
dinates are pseudo-harmonic.

Proof: Let Ω be the n-dimensional ball Br. With basic
regular placement, SBr

is Br itself, so in this case, we
have αx,ζ = βx,η = βx,ξ. Thus, the Poisson coordinates
in (17) can be rewritten as the Poisson kernel in (11)
multiplied by a positive factor. Hence they are equiva-
lent, which implies that Poisson coordinates are pseudo-
harmonic. �

So far, we have shown that Poisson coordinates pos-
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sess kernel positivity and linear precision, and, using
basic regular placement of projection spheres, they are
pseudo-harmonic and smooth. In the next section we
will consider the discrete case and give an explicit for-
mula for discrete Poisson coordinates on 2D polygons.

4 DISCRETE POISSON COORDINATES

Suppose P is a simplicial polytope in Rn, with vertices
v1, v2, ..., vm and facets F1, F2, ..., Fh. To formulate dis-
crete Poisson coordinates on P , we divide the integral
in (15) into parts by facets:

I(Fj) = δFj

∫
ξ∈SFj

,ζ∈Fj

f(ζ)

|x− ζ||x− ξ|n−1
dσ(ξ), (19)

where δFj
is a sign that depends on x and Fj . δFj

equals
1 if x lies on the opposite side of Fj ’s plane with respect
to Fj ’s outward normal; otherwise δFj equals −1. SFj is
the intersection of Sx and the interior of pyramid x–Fj
(for an example of SFj

, see the red arc in Fig. 5).
Note that I(Fj) is exactly 0 if x lies in the plane that

contains Fj , so we will focus on the case that x is not
coplanar with Fj . Suppose the boundary values f(ζ) are
linear interpolated in the simplex facet Fj , which can be
written as:

f(ζ) =
∑

k:vk∈Fj

(ζ − x) ·
µFj ,vk

(vk − x) · µFj ,vk

f(vk), (20)

where · denotes the inner product of vectors; µFj ,vk is a
normal vector to the lateral facet of pyramid x–Fj oppo-
site vertex vk.

Substituting (20) into (19), we obtain:

I(Fj) =
∑

k:vk∈Fj

ΥFj
· ωFj ,vkf(vk), (21)

where:
ΥFj =

∫
ξ∈SFj

ξ − x
|ξ − x|n

dσ(ξ) (22)

is an n-dimensional vector for each facet Fj , and:

ωFj ,vk =

 0 if x is coplanar with Fj ,
δFj

µFj ,vk

(vk − x) · µFj ,vk

otherwise. (23)

Substituting (21) into (15), we rewrite Poisson transfi-
nite interpolation as:

u(x) =

∑m
k=1 f(vk)

∑
j:vk∈Fj

ΥFj
· ωFj ,vk∑m

k=1

∑
j:vk∈Fj

ΥFj
· ωFj ,vk

, (24)

with discrete Poisson coordinates:

PP,Sx
(x, vk) =

∑
j:vk∈Fj

ΥFj
· ωFj ,vk∑m

l=1

∑
j:vl∈Fj

ΥFj
· ωFj ,vl

. (25)

The greatest challenge to computing discrete Poisson
coordinates in (25) is to calculate the ΥFj . We will next
give a closed-form expression for ΥFj for the case of
n = 2. What is more, for 2D polygons, each vertex vk
has exactly two neighboring facets (sides) Fj (vk ∈ Fj),

Fig. 5. 2D discrete Poisson coordinates: Fj is the target
facet (side). τx is the inverse of x with respect to Sx.

thus the discrete Poisson coordinates are in closed-form
before normalization (i.e., the numerators in (25) are), as
for MVCs.

4.1 Discrete Poisson Coordinates on 2D Polygons

For n = 2, we denote the arc SFj by
_

ξjξj+1 (we may as
well suppose it is in counter-clockwise).

We next provide a closed form expression for ΥFj
. To

easy calculate the integral on the right hand side of (22),
we move to the complex plane and endue each symbol
with the meaning of its corresponding complex number
(i.e., each 2D vector (a, b) is interpreted as a complex
number a+ ib). We can now show that:

Proposition 6. For n = 2, ΥFj
in (22) can be written as:

ΥFj
=

 i(ξj − ξj+1) if x = κx,

i(τx − κx)Log
ξj+1 − τx
ξj − τx

if x 6= κx, (26)

where i is the imaginary unit; τx = κx+(x−κx)/|x−κx|2
is the inverse of x with respect to the circle Sx, as shown in
Fig. 5. The logarithm function is: Log z = ln |z| + iArg z
with principle argument Arg z ∈ (−π, π].

Proof: Note that (26) is translation-invariant (i.e., it is
unchanged by adding a constant to all variables). Thus
we may as well suppose that κx = 0.

Using dσ(ξ) =
dξ

iξ
and

ξ − x
|ξ − x|2

=
1

1/ξ − x
, where x is

the conjugate complex of x, we can write ΥFj in (22) as
the following complex integral:

ΥFj
= −i

∫ ξj+1

ξj

1

1− xξ
dξ. (27)

Clearly, (27) is equal to i(ξj − ξj+1) when x = 0. For
x 6= 0, (27) is equal to:

ΥFj
= iτx

∫ ξj+1

ξj

1

ξ − τx
dξ, (28)

where τx = 1/x is the inverse of x with respect to Sx.
Note that τx is outside the circle Sx, therefore the wind-
ing number of Sx around τx is exactly zero, and hence
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the integral
∫ ξj+1

ξj

1

ξ − τx
dξ in (28) equals Log

ξj+1 − τx
ξj − τx

,

completing the proof of Proposition 6. �

After presenting the closed form expression for ΥFj ,
we next calculate the 2D discrete Poisson coordinates.
We first rewrite the numerators of (25) as:

P∼P,Sx
(x, vj) = ΥFj

· ωFj ,vj + ΥFj−1
· ωFj−1,vj , (29)

where Fj is the side [vj , vj+1], and all the indices are
interpreted modulo m (i.e., v0 = vm and vm+1 = v1).
P∼P,Sx

(x, vj) are called the unnormalized discrete Poisson
coordinates. From them, discrete Poisson coordinates can
be obtained via:

PP,Sx
(x, vj) = P∼P,Sx

(x, vj)/
∑
k

P∼P,Sx
(x, vk). (30)

Now, let us consider the term ΥFj
· ωFj ,vj in (29). Note

that ωFj ,vj equals 0 if x is colinear with side [vj , vj+1],
which implies ΥFj

·ωFj ,vj is also equal to 0. So, we next
assume that x is not colinear with [vj , vj+1]. Using (23),
we can have:

ΥFj
· ωFj ,vj = δFj

ΥFj
· µFj ,vj

(vj − x) · µFj ,vj

=
ΥFj
·
(
µFj ,vj |vj+1 − x|

)
δFj

(vj − x) ·
(
µFj ,vj |vj+1 − x|

) .
Note that µFj ,vj |vj+1−x| is a vector obtained by rotating
−−−→xvj+1 90 degrees towards the side that −→xvj lies in (see
Fig. 6). Thus we have:

ΥFj ·
(
µFj ,vj |vj+1 − x|

)
= |ΥFj × (vj+1 − x)|,

where × denotes the cross product of vectors, and:

δFj
(vj − x) ·

(
µFj ,vj |vj+1 − x|

)
= 2A4xvjvj+1

,

where A4XY Z denotes the signed area of triangle XY Z.
Therefore, the unnormalized 2D discrete Poisson coordi-
nates in (29) can be rewritten as follow (suppose that x
is not colinear with side [vj−1, vj ] either):

P∼P,Sx
(x, vj) =

|ΥFj
× (vj+1 − x)|

2A4xvjvj+1

+
|ΥFj−1

× (vj−1 − x)|
2A4xvj−1vj

.

(31)
Note that when x = κx, the vector ΥFj

= i(ξj − ξj+1)
lies along the bisector of ∠vjxvj+1, and its length equals
|ξj − ξj+1| = 2 sin(∠vjxvj+1/2). In this case, we have:

|ΥFj × (vj+1 − x)|
2A4vjxvj+1

=
2|vj+1 − x| sin2(∠vjxvj+1/2)

|vj+1 − x||vj − x| sin∠vjxvj+1

=
1

|vj − x|
tan
∠vjxvj+1

2
,

and hence (31) can be rewritten as:

P∼P,Sx
(x, vj) =

1

|vj − x|

(
tan
∠vjxvj+1

2
+ tan

∠vj−1xvj
2

)
,

which corresponds exactly to MVCs.
Pseudocode for 2D discrete Poisson coordinates com-

putation is summarized in Algorithm 1.

Fig. 6. 2D discrete Poisson coordinates: µFj ,vj |vj+1 − x|
is a vector obtained by rotating −−−→xvj+1 90 degrees towards
the side that −→xvj lies in.

Algorithm 1 2D discrete Poisson coordinates
Input : polygon P = {v1, v2, ..., vm}, target point x
inside P , and projection sphere Sx.
Output: Poison coordinates Pj (j = 1, 2, ...,m).
Compute the intersections ξj between [x, vj) and Sx.
Compute the 2D vectors ΥFj

using (26).
for j from 1 to m do
P∼j ← 0
if x is not colinear with [vj , vj+1] then

P∼j ← P∼j +
|ΥFj

× (vj+1 − x)|
2A4xvjvj+1

.

end if
if x is not colinear with [vj−1, vj ] then

P∼j ← P∼j +
|ΥFj−1

× (vj−1 − x)|
2A4xvj−1vj

.

end if
end for
SP ←

∑
k P∼k .

for j from 1 to m do
Pj ← P∼j /SP .

end for

5 RESULTS AND DISCUSSION

We demonstrate Poisson coordinates (with basic regular
placement) on various 2D polygons in Fig. 7, and com-
pare them to both discrete harmonic coordinates and
MVCs. Note that both MVCs and Poisson coordinates
are smooth. To illustrate that Poisson coordinates are
closer to discrete harmonic coordinates than MVCs, we
exhibit the Dirichlet energies of both Poisson coordinates
and MVCs in Table 1, and further show their differences
to discrete harmonic coordinates in the last 2 columns of
Fig. 7.

Table 1 contains the Dirichlet energies of discrete har-
monic coordinates (denoted by E0), Poisson coordinates
(denoted by E1), and MVCs (denoted by E2), for the
polygons in Fig. 7. These energies are calculated using a
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(a)

(b)

(c)

(d)

(e)

Fig. 7. The left 3 columns illustrate the results of discrete harmonic coordinates, Poisson coordinates (with basic
regular placement), and MVCs for 2D polygons; contour lines for values 0.75, 0.50, 0.25, 0.10, 0.03, 0.005 are in black.
The right 2 columns show the DIFFERENCES between either Poisson coordinates or MVCs and discrete harmonic
coordinates. Dirichlet energies of the left 12 sub-figures are shown in Table 1.

numerical method with a 1500× 1500 grid. To compare
Poisson coordinates and MVCs, we then calculate the
ratio of differences: R = (E1 − E0)/(E2 − E0). If R is
less than 1, this implies that Poisson coordinates have
lower Dirichlet energy than MVCs. Note that for the
disk-like polygon (b), R is quite small, because Poisson
coordinates are pseudo-harmonic, but MVCs are not (see
also Fig. 7 (b), where Poisson coordinates and discrete
harmonic coordinates are almost the same, but MVCs are
quite different). For the typical convex polygons (a) and
(c), R is around 50%, while for the concave polygon (d),
R is close to 1. This reveals that Poisson coordinates and
MVCs have comparable Dirichlet energies for concave
regions. From Fig. 7 (d), we can see that Poisson coordi-
nates and MVCs may be negative for points outside the
kernel of the domain (e.g., either of them are negative in
the right side region of the yellow segment). Also, we can
see from the contour lines that Poisson coordinates and
MVCs behave analogously, but differently from discrete
harmonic coordinates, for concave polygons.

Other than the good performance of harmonic approx-
imation, another key feature of Poisson coordinates is
that they allow users to define their own placements for
projection spheres for different purposes. In this paper

TABLE 1
Dirichlet energies for Fig. 7.

(a) (b) (c) (d)

E0 (Harmonic coordinates) 0.7459 0.8290 1.0319 0.7049
E1 (Poisson coordinates) 0.7486 0.8312 1.0359 1.4025
E2 (MVCs) 0.7507 0.8661 1.0414 1.4051

R = (E1 − E0)/(E2 − E0) 56.2% 0.59% 42.1% 99.6%

we have described the regular placement, particularly
the basic regular placement. Note that MVCs can also
be considered to be Poisson coordinates with a regular
placement, where the radius of the base sphere is infinity.
The technique of PMVCs [27] could also be applied to
Poisson coordinates, however that is beyond the scope
of this paper. A weak point of our approach is that
Poisson coordinates with a regular placement can only
be extended to the interior region of the base sphere, but
MVCs can be extended to the entire space, since their
base sphere is infinite.

6 SUMMARY AND FUTURE WORK

In this paper we introduced Poisson coordinates, and
gave explicit formulae for Poisson coordinates in both
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continuous and 2D discrete cases. Poisson coordinates
have MVCs’ kernel positivity and linear precision, and
allow placing the projection spheres at will. We fur-
ther introduced the concept of regular placement, and
particularly basic regular placement, using which the
Poisson coordinates are smooth and pseudo-harmonic.
We also derived an explicit formula for discrete Poisson
coordinates on 2D polygons. Experiments showed that
Poisson coordinates are ‘more harmonic’ than MVCs on
a set of typical 2D convex polygons.

We believe this work will provide useful ideas for fur-
ther studies on barycentric coordinates and transfinite in-
terpolation. On the theoretical end, it would be useful to
give an explicit formula for discrete Poisson coordinates
in higher dimensions (i.e., to give an explicit formula for
the ΥFj

in (22) for n ≥ 3). On the practical end, it is also
possible to build alternative Poisson coordinates using
different placement of the projection spheres, which may
help provide desired boundary behaviors or overcome
other restrictions.

Finally, the authors conjecture that:

Conjecture 1. With basic regular placement, Poisson coor-
dinates always have lower Dirichlet energies than MVCs,
for arbitrary 2D convex domains.
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APPENDIX
PROOF OF PROPOSITION 4
Suppose f is continuous on the boundary ∂Ω. We prove
that, with a regular placement, the function u described
in (16) converges to f at the boundary ∂Ω (i.e., u really
interpolates f ). Following similar proofs for MVCs in
[23] and [26], we first rewrite (16) as:

u(x) =
1

ΨΩ,Sx
(x)

∫
ξ∈Sx

dAx,ξ
cosβx,ξ

n(x,ξ)∑
j=1

(−1)j−1

|x− ζj |
f(ζj), (32)

where dAx,ξ is an element of solid angle in Rn; ζj(j =
1, ..., n(x, ξ)) are the intersections between the ray [x, ξ)
and ∂Ω, and:

ΨΩ,Sx
(x) =

∫
ξ∈Sx

dAx,ξ
cosβx,ξ

n(x,ξ)∑
j=1

(−1)j−1

|x− ζj |
.

As in [23], we prove two key inequalities:

ΨΩ,Sx(x) ≥ C1

d(x,Ω)
, (33)

∫
ξ∈Sx

dAx,ξ
cosβx,ξ

n(x,ξ)∑
j=1

1

|x− ζj |
≤ C2 ΨΩ,Sx

(x), (34)

Fig. 8. Condition 1: Whenever βx,ξ = βx,η is close to a
right-angle, x should be close to S and [x, ξ) should be
nearly perpendicular to [κ, x]. In this case, we ask [x, ξ) to
cross only one boundary point ζ1 ∈ ∂Ω.

with positive constants C1 and C2; d(x,Ω) is the distance
from x to Ω. Note that the only difference between our
inequalities and the ones in [23] is the additional term
cosβx,ξ.

(33) is true because:

ΨΩ,Sx(x) ≥
∫
ξ∈Sx

dAx,ξ

n(x,ξ)∑
j=1

(−1)j−1

|x− ζj |
≥ C1

d(x,Ω)
,

where the first inequality is based on cosβx,ξ ≤ 1, and
the second inequality is proved in [23] and [26].

To prove (34), we additionally require the region Ω to
satisfy the following condition:

Condition 1. There is a positive constant ∆, such that for
any x and ξ, either cosβx,ξ ≥ ∆ or n(x, ξ) = 1.

Note that cosβx,ξ < ∆ implies that x should be very
close to the base sphere S, and the ray [x, ξ) should be
nearly perpendicular to the segment [κ, x] (see Fig. 8).
In this case, Condition 1 asks [x, ξ) to cross ∂Ω exactly
once.

In fact, Condition 1 is easy to satisfy. For many com-
mon domains (e.g., convex domains and 2D polygons),
Condition 1 is satisfied for all possible S. For arbitrary
domains, Condition 1 is also satisfied if the base sphere
S does not touch Ω.

With Condition 1, let Ix = {ξ : ξ ∈ Sx, cosβx,ξ ≥ ∆}
and Jx = {ξ : ξ ∈ Sx, cosβx,ξ < ∆}. Then, as proved in
[23] and [26]:∫

ξ∈Sx

dAx,ξ
cosβx,ξ

n(x,ξ)∑
j=1

1

|x− ζj |

≤ 1

∆

∫
ξ∈Ix

dAx,ξ

n(x,ξ)∑
j=1

1

|x− ζj |
+

∫
ξ∈Jx

dAx,ξ
cosβx,ξ

1

|x− ζ1|

≤C
∆

∫
ξ∈Ix

dAx,ξ

n(x,ξ)∑
j=1

(−1)j−1

|x− ζj |
+

∫
ξ∈Jx

dAx,ξ
cosβx,ξ

1

|x− ζ1|

≤max{C
∆
, 1}ΨΩ,Sx

(x),
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which implies (34).
Using (33) and (34), the rest of the proof follows that

of Theorem 4 of [23].
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