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In this paper, subdivision methods for rectangular Bézier
surfaces are generalized to subdivide a rectangular Bézier sur-
face patch of degree n X m into two rectangular Bézier sur-
face patches of degree n X (m + n), while the parameter do-
main of the Bézier surface is decomposed into two trapezoids.
As an application, a conversion from rectangular Bézier sur-
faces to triangular Bézier surfaces is presented.
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1. INTRODUCTION

The Bézier surface is a very useful tool in surface model-
ing [1, 2]. Subdivision algorithms for Bézier surfaces are
very important in rendering and curve-curve, curve—
surface, and surface—surface intersection calculations
[3, 4]. It is well known that, subdivision algorithms for rec-
tangular Bézier surfaces, which decompose a rec-
tangular patch into two rectangular patches of the same
degree, splitting its parametric domain into two rec-
tangles, are based on the subdivision of Bézier curves.
If we split the parametric domain of a rectangular
Bézier surface into two trapezoids, the surface is again
decomposed into two surface patches. Can these
two trimmed surface patches be represented as rectan-
gular Bézier surface patches? How do we obtain the new
control points from those of the original surface
patch?

These questions are considered in the second section.
By using parameter transformations, we show that the
control points of these two rectangular Bézier patches
can be obtained from those of the original surface patch.
A corner-cutting algorithm is developed in the third
section, which decomposes a rectangular Bézier patch
of degree n X m into two rectangular patches of degree
n X (m+ n).

The paper concludes with an application using the gener-
alized subdivision algorithm to split a rectangular Bézier
patch of degree n X m into two triangular Bézier patches
of degree m + n.

2. MAIN RESULTS

A rectangular Bézier surface of degree n X m can be
represented by

P(u,v) = E 2 P;B}(u)Bl'(v), 0=u,v=1,

i=0 j=0

where B?(u) = (")u'(1 — u)" are univariate Bernstein
polynomials of degree n, and P;(0 =i =n,0=j = m)
are control points of P(u, v). Without loss of generality,
we consider the trimmed surface patch defined on the
domain D, (see Fig. 1).

First of all, we introduce some operator symbols for a
Bézier curve P(¢) with control points P;(0 = i =< n).

1. The invariant operator I: IP; = P;,

2. The shifting operator E: EP; = P4,

3. The difference operator A: AP, = (E — I)P; =
Py — P

4. The degree elevation operator A,

1 0 0 0 0
Lnzl 0 0
n n
o 2 nz2 0 0
n n
A= (1)
0 0 0 n-11
n n
0 0 0 1 (n+1)xn

More details about E, A,and A,(g =n +1,n +2,... for
Bézier curves of g degree) can be found in [5-7].
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FIG. 1. Decomposition of the domain.

With the help of the above notation, we have

P() =3 BI(®)P,

n

NN i1 _ An-ipi
2<i>z(1 )" E'P,

i=0

(A =0+ tE)'P,

)

Similarly, we introduce operator symbols E;, E,, A, A,

for the rectangular Bézier surface P(u, v) by

EIPi/' = Pi+1,j, A1sz = Pi+l,j - szf,

E2Pij = Pi,j+17 AZPij = Pi,j+1 - Pij-
Then P(u, v) can be represented by
P(u, U) = (1 + uAl)"(I + UAz)mPOO

By using the parameter transformation

- {u =s(bt +a(l — 1))

v=t

(see Fig. 2), we have the following results.

LemMa 1. (I + stA)"Py = 21y B2 (s)(I + tA)P,.

®)

Pi() HiO
Pll

Pi,m+n

Hy = Em:i

Proof.

(I + stAY"Py = (1 — $)I + s(I + tA))"P,

- 2 B2(s)(I + (A)P,. ®

Lemma 2. (I + (bt + a(l — £)A) Py = Zio((1 — a)
1+ aEl)i’k((l - b)] + bEl)kB%(t)Poj

Proof.

(I + (bt + a(1 — 1)A)Py
=((1—-bt—a(l —0)[+ (bt +a(l—1)E)) Py
=(1-a)A =0+ A =b))I+ (bt +a(l —1))E,)Py
= (1 — a)I + aE\)(1 — 1) + (1 — b)I + bE,)1)'Py,

= i (1 —a)l +aE))""(1 = b)I + bE))*Bi(t)Py;. ™

THEOREM 3.  The trimmed surface patch of P(u, v)((u,
V) € D) can be represented as a rectangular Bézier sur-
face P(s, t) of degree n X (m + n), and its control points
Pj(0=i=n,0=j=m+ n)are determined by

H;
= Am+nAm+n—1 e Am+i+1

Hi,m+i

i=01,....n (4

where

i=0,1,...,n

Q%):((l_a)l+dE1)l_k((1_b)I+bE1)kP0/ ]: 0, 1, ce..m

k=0,1,....i,
®)

0f)

j=0k=0 (m + i !

jrk=1 .
jtk

Il
-
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FIG. 2. Transformation of the domain.

Proof.

P(u,v) = (I + ul))"(I + vA;)"Py
= +sbt+ a(l —1)A)"(I + tA3)" Py

= i B(s) + (bt + a(1 = 0)A) (I + tAy)™ Py
i j((l—a)HaE)lk
(1 - )L+ BE)'Bi(t) 3, B () Py

=3 816 S BLO BP0

i=0 k=0 j=0
()
N n LR ] k m+z (i)
=2 Bi(s) 22 ——= B (00}
i=0 j=0k=0 {m +1
(%)
n m+i )
= >, >, HyB}(s)B""(t).
i=0 =0

By using the degree elevation operators A,(q = m + i +
I,m+i+2,...,m+ n), Eq. (4) can be obtained. =

3. THE SUBDIVISION ALGORITHM

In addition to the fact that Eq. (4) and (5) can lead to
corner-cutting algorithms, we would like to point out that,
H;; can be computed by a recursive process. By use of

the identity

k=0

we have

>

()

®)
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Obviously, Eq. (8) shows that H;; can be calculated by a
recursive process. Then, a generahzed subdivision algo-
rithm for rectangular Bézier surfaces can be derived as
follows.

ALGORITHM.

1) Calculation of Q) 0 =i=n, 0=j=m
k = i).
Fori=0,1,.
Set Pg)) = Pk]

k 0,1,...,1
Fork—O,l, i

m

i

j=0,1,...
Forj=0,1,...,
Forr=1,.
For h
Ifr
p%) =1 -
Ifr=k+1
P = (1 - )P + aP)
Next h
Next r
Next j
Next k
Next i

2) Calculation of H; (0 =i = n,
Fori=0,1,...,n
For/l=0,1,..., m +i
Setfg(f}, Q(’) k=0,1,...,i
Forr=1,.
Fork—Ol ,i—r
m+r—((—-k
Pt (R25)

m-+r
Next k
Next r
Hy=f gz)
Next /
Next i

3) Calculation of P; (0 = i = n,
SetH(’"“) =H;i=0,1,
Fori=10,1,.

Forq—m+1+1,m+i+2,...
Forj=0,1,...,q

H® = ]Hwn+

’

0,1,...,i—r

A
»

b)PS D + bPYY

0=l=m+i.

[+

fk+1/ k-1

0=j=m+n).

j=0,1,...,m+1i

,m+n

— ] Hl(jqfl)

Next j
Next g
Next i
SetP; = H"™ i=0,1,...,n]j

=0,1,...,m+n

4. AN APPLICATION

Triangular and rectangular Bézier surface methods to-
gether form one of the main techniques for surface model-
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ing, and it is always an interesting problem to study the
internal relations between two types of Bézier surface
patches. Brueckner [8] showed a conversion from triangu-
lar patches to rectangular patches which defines the trian-
gular patch as a trimmed surface of the rectangular patch.
Goldman and Filip [9] presented a conversion formula
that precisely splits an integral rectangular Bézier patch
of degree n X m into two integral triangular Bézier patches
of degree m + n. As an application of the generalized
subdivision algorithm presented in the third section, we
show that a rectangular Bézier patch can be split into two
triangular Bézier patches by a corner-cutting algorithm.

Let a = 1, b = 0, it is obvious that the rectangular
patch P(u, v) can be split into two degenerate rectangular
patches, and it is convenient to prove that these two rectan-
gular patches of degree n X (m + n) can be represented
as triangular patches of degree m + n. We present an
algorithm for computing the control points of these trian-
gular patches. Without loss of generality, we consider the
surface patch defined on domain D;. A proof of this algo-
rithm is given in the Appendix.

ALGORITHM.

1) Compute the control points P;(0 =i =n,0=j =
m + n) of P(s, t) by using the subd1v1510n algorithm pre-
sented in the previous section.

2) Calculate the control points P;; (i, j, k = 0,i + j +
k = m + n) of the corresponding triangular patch P(u,
v, w).

Setg(")—Pl—Ol n;j=0,1, ,m+n
For]—Ol m+n
ifj<m
Forg=n+1,n+2,...,m+n—j
Fori=0,1,...,q
gl = qgﬁﬁ>+qq gla D
Next i
Next g
Ifj>m
Forg=n-1,n-2,...,m+n—j
Fori=0,1,...,q
q +1 !
s w4 s g LR
Next i
Next g
Next j

Set Py ;= g Dfor0<i+j=m+n

Obviously, this is a corner-cutting algorithm; however,
an efficient conversion algorithm cannot be derived di-
rectly from the explicit conversion formula in [7].
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APPENDIX: A PROOF OF THE
CONVERSION ALGORITHM

By using the transformation

u u
S = =
T-1: 1-v utw,
t=v
we have
B i(s)B (1)
m+n—j m+n\ o )
— . ] S"(l _ s)ernfzf]t](l _ t)ernf]
l J

m-+n i m+n—i—j
u w Ui(l _ U)m+n—j
ij, k utw/ \ut+w

= B (u, v, w)

utv+w=1, itj+k=m+n.

Therefore, a rectangular Bézier patch

m+n m+n

O(s,t) = >, >, qyB"(s)Br™(t), 0=u,v=1,

i=0 j=0

degenerates into a triangular patch with parameters u and
v if and only if

S (1) =0
E;ZJrnil _1 i m+l(tfl "= O
0. ( ) ( )61 k (9)

m+n—k+1

Eizo (_1)i(m+nl_—k+1)ql_k =0

fork=1,2,...,m + n.
Obviously, using the transformation 7!, the parameters
of P(s, t) turn into u and v, i.e.,

HU, WANG, AND JIN

P(u,p) P(s, 1)
n X mdegree 5 n x (m + n) degree
(u,v) € D, 0=u,v=1

P(u,v,w)
-1
L, =m + ndegree

O0=u,v,u+tv=1

Since P(u, v)((u, v) € D,) can be represented as a trian-
gular Bézier patch of degree m + n, (shown in [7]), the
control points of P(s, ) must satisfy Eq. (9) for k =
m+ 1, m+ 2, ..., m + n, where q; = Py, and this
completes the proof.
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