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Optimal Surface Parameterization Using
Inverse Curvature Map

Abstract—Mesh parameterization is a fundamental technique in computer graphics. The major goals during mesh parameterization
are to minimize both the angle distortion and the area distortion. Angle distortion can be eliminated by the use of conformal mapping, in
principle. Our paper focuses on solving the problem of finding the best discrete conformal mapping that also minimizes area distortion.
First, we deduce an exact analytical differential formula to represent area distortion by curvature change in the discrete conformal
mapping, giving a dynamic Poisson equation. On a mesh, the vertex curvature is related to edge lengths by the curvature map. Our
result shows the map is invertible, i.e., the edge lengths can be computed from the curvature (by integration). Furthermore, we give the
explicit Jacobi matrix of the inverse curvature map. Second, we formulate the task of computing conformal parameterizations with least
area distortions as a constrained nonlinear optimization problem in curvature space. We deduce explicit conditions for the optima.
Third, we give an energy form to measure the area distortions, and show that it has a unique global minimum. We use this to design an
efficient algorithm, called free boundary curvature diffusion, which is guaranteed to converge to the global minimum; it has a natural
physical interpretation. This result proves the common belief that optimal parameterization with least area distortion has a unique
solution and can be achieved by free boundary conformal mapping. Major theoretical results and practical algorithms are presented for
optimal parameterization based on the inverse curvature map. Comparisons are conducted with existing methods and using different
energies. Novel parameterization applications are also introduced. The theoretical framework of the inverse curvature map can be
applied to further study discrete conformal mappings.

Index Terms—Mesh, conformal parameterization, poisson, metric, curvature, inverse map.

INTRODUCTION

SURFACE parameterization is the process of mapping a
surface to a planar region, and it has broad applications
in graphics. Parameterizations introduce distortions be-
tween the original surface and its planar image, which can
be separated into angle distortion and area distortion [1], [2],
[3]. In theory, angle distortion can be eliminated completely
by conformal mapping, but it is impossible for conformal
mappings to further eliminate area distortion completely,
except for developable surfaces.

For a given surface, we can define infinitely many
different conformal mappings with different area distor-
tions, as shown in Fig. 1. The central problem of the optimal
parameterization can be stated as follows:

How can we find the best conformal mapping that has the least area
distortion?

In this paper, we present a set of theoretical tools as well
as practical algorithms to tackle this problem.
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1.1 Background

Parameterization methods have become a fundamental tool
in graphics, and a significant amount of research has
focused on it. Here, we briefly overview the most related
works and refer readers to [1], [2], and [3] for wider surveys.

A common approach for parameterization isto minimize a
certain energy to control the distortion. Lévy et al. [4] defined
an energy to approximate the Cauchy-Riemann equation;
Desbrun et al. [5] optimized Dirichlet energy. Variations of
harmonic energies were also optimized using discrete La-
place-Beltrami operators in [6], [7], [8], [9], [10], and [11].
More general energy forms can be found in [12], [13], [14],
[15], [16], and [17]. Most linear methods apply a convex
Dirichlet-type boundary. Virtual boundaries were applied in
[17] and [18] to absorb distortions introduced by the convex
boundary conditions. Alternatively, [4] and [5] provided
parameterizations which require to fix only a few vertices in
the parametric domain. Karni et al. [19] discussed the design
of geometrically complex boundary conditions with con-
straints. Zayer et al. [20] applied discrete tensorial quasi-
harmonic maps to improve the boundary and reduce the
distortion.

One of the most prominent characteristics of conformal
mapping is that it preserves angles. Angle-based flattening
(ABF) method [21] utilizes this property to produce high-
quality conformal mappings. It derives the discrete con-
formal mapping by minimizing the ABF energy which is
defined as differences between the corner angles of faces on
the original mesh and their images on the parameter plane.
During the process, the boundary evolves freely to further
reduce the distortion. Recently, the method has been
improved by several derivative works [22], [23] in terms
of speed and robustness.
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Fig. 1. There are an infinity number of conformal parameterizations for a
given surface. We minimize the area distortion within the conformal
mappings.

Another characteristic of conformal mapping is that it
can map infinitesimal circles to infinitesimal circles and
preserve their intersection angles. This inspired the circle
packing method in [24]. Circle packings and circle patterns
replace infinitesimal circles with finite circles. In the limit of
refinement, the continuous conformal maps are recovered
[25]. Collins and Stephenson [26] have implemented circle
packing in their software CirclePack which only considers
combinatorics. The connection between circle packing and
smooth surface Ricci flow [27] was discovered in [28]. The
discrete Ricci flow method was introduced in [29] for
hyperbolic parameterization.

Kharevych et al. [30] provided conformal parameteriza-
tions for arbitrary genus types by applying circle patterns
based on the variational principle in Bobenko and Springborn
[31]. The method in [30] supports very flexible boundary
conditions ranging from free boundaries to control of the
boundary shape via prescribed curvatures. It can further
reduce the distortion by incorporating manually selected
cone singularities. Ben-Chen et al. [32] introduced a con-
formal parameterization which automatically determines the
locations and target curvatures of the cone singularities.

Our work differs from the previous works in the following
aspects. Based on a rigorous theoretic proof, our method can
produce a discrete conformal parameterization with least
area distortion among all possible parameterizations. Similar
to [30], our method is applicable for meshes with general
topologies. Furthermore, the method can be extended for
optimizing more general energies with constraints on
curvatures and area distortions. (Fig. 8 shows parameteriza-
tions with special curvature constraints, such that all
boundary curvatures are constant.)

In this paper, we will explain our theoretical results and
algorithmic implementations with circle packings. Since
circle packing and circle patterns are equivalent in theory
[33], [34], our results can also be explained with the setting
of circle patterns (see Appendix B).

1.2 Overview

Most of the previous works minimize some energy forms
which measure both angle distortion and area distortion. In
this work, we take the approach similar to those in [5] and
[20] to separate these two criteria. As shown in Fig. 1, we
only minimize the area distortion within the conformal
mappings, which eliminate the angle distortions.

We address the angle distortion by using the discrete
conformal mappings based on circle packing. The given
mesh is covered by circles, each of which is centered at a
vertex as shown in Fig. 3. A circle centered at a vertex is
tangent to or intersects with another circle centered at its
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neighbor vertex. We approximate the conformal mapping
by varying the radii while preserving the intersection angles
among the circles (see Section 2).

With circle packing, we can establish the mapping from
the configuration of radii to the configuration of curvatures,
the so-called curvature map K:

K : fconfiguration of radiig
¥ fconfiguration of curvaturesg:

We show that the curvature map is bijective in the
conformal mapping. We give an analytical formula for the
inverse curvature map by explicitly computing its Jacobian,
which is revealed as a dynamic Poisson equation (see
Section 2). Therefore, we can easily compute the radii from
the prescribed curvatures.

Discrete conformal parameterization can be treated as
finding a configuration of radii such that all curvatures are
zeros except for those at the boundaries and cone singula-
rities. All curvature configurations corresponding to para-
meterizations form an affine subspace, which we call the
admissible curvature space. Area distortions can be measured
by various energy forms defined on the configurations of
radii. Optimal conformal parameterization is equivalent to
minimizing the specific energy in the admissible curvature
space, and therefore, it is a nonlinear optimization problem
with linear constraints.

Energies with good properties, such as differentiability,
unique global minimum, simple forms of gradient, and
Hessian, are highly preferred in practice. We discovered an
energy form that met all the requirements (see Section 3.5).
Furthermore, a simple curvature flow algorithm with free
boundary conditions is guaranteed to converge to the global
minimum.

The pipeline of optimal parameterization system is as
follows:

1. mesh preparation (Section 3.1),

2. computing the initial circle packing metric
(Section 3.2),

3. selecting the singular vertex set (Section 3.3),

4. computing the optimal circle packing metric
(Sections 3.4 and 3.5), and

5. isometric embedding (Section 3.6).

The theoretical results of inverse curvature map are
explained in Section 2. Each step of the algorithm pipeline is
elucidated in Section 3. The experimental results are
demonstrated in Section 4. We conclude our work and
point out the future direction in Section 5. Detailed
theoretical proofs are presented in the Appendix.

2 INVERSE DISCRETE CURVATURE MAP

In this section, we introduce the inverse curvature map,
which is the key ingredient of our optimal parameterization.
The discussion is based on general triangular meshes with
arbitrary topologies. We denote amesh by M ... fV;E;Fg. A
vertex, an edge, and a face are denoted as v;, vi; vj (or e;jj),and
fvi; vj; vic (or Tij), respectively. A mesh M embedded in IR®
has a naturally induced euclidean metric, which is deter-
mined by each edge length. The vertex curvatures are defined
as follows: For an interior vertex, the curvature equals 2
minus the sum of angles between edges at the vertex, whereas
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for a boundary vertex, it is minus this sum. The discrete
Gauss-Bonnet theorem states that the total curvature is
2 M ,where M isthe Euler number of the mesh.

2.1 Circle Packing Metric

Given a triangular mesh, we associate to each vertex v; a
circle with radius ;. On edge e;jj, the two circles with radii
i and j intersect at an angle of ;j, as shown in Fig. 3.

Definition 2.1 (circle packing metric). A circle packing metric
for a mesh M is defined as M; ;
VIR
i),and :E ¥ 40;5 is the angle function

, Where M represents the

triangulation, is the circle radius function for

vertices (i.e., v; A

for edges (i.e., ej; A dj). The discrete metric on an edge e;; is

determined by jj ... 2 J2

Now, the edge lengths can be determined by the circle
radii ; and the intersection angles j; with the cosine law,
depicted in Fig. 3. Since the edge lengths determine the
angles on each face, the circle radii determine the vertex
curvatures. We designate the mapping from the configura-
tion of radii to the configuration of the vertex curvatures as
the curvature map.

2 jCOS jj.

2.2 Inverse Curvature Map

Two circle packing metrics of the same mesh M, M; 1; 1
and M; ,; »,areconformal to each other, if ; equals ».
Each conformal equivalence class of circle packing metrics
forms a space which we call a conformal discrete metric space,
denoted by U. Upon fixing the edge angles jj, a discrete
circle packing metric can be represented by a vector
Uu.. Uy Uy, where uj..log j, uy2 1d; 1 ,and n
is the number of vertices. Each conformal discrete metric
space is homeomorphic to IR". Because scaling does not
affect the Gyrvature, we normalize the conformal metrics by
requiring  ;u; ... 0, which defines a hyperplane in the IR"
that we denote . The discrete curvature K maps each u to
a curvature function k ... ki;ks; ;kn , and the image of
k... Ky Isaconvex polytope [28].

The curvature map K from the conformal metric space to
the curvature space K: | ¥ | is bijective; both the map
and the inverse map have an infinite degree of smoothness.
Furthermore, the curvature map is real analytic (so it can be
represented as the summation of an infinite series).

Theorem 2.2 (inverse curvature map). The curvature map K
from a conformal class of circle packing metrics  to the
curvature space i is a C1 diffeomorphism. Furthermore, it is
real analytic.

The derivative map dK : T , u
discrete Poisson equation

dk ... udu; 1

I T  k satisfies the

where T , u is the tangent space of | at the point u,
T k k isthetangent space of  atthe pointk,and u is
a positive definite matrix when restricted to T , u .

Therefore, the curvature map and the inverse curvature
map can be represented as

z Z

ug 1
ki Ko .. d: u u.. . 2

Ug kO
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A detailed proof can be found in Appendix A. Here, we
give an intuitive picture using a differential network flow
model as shown in Fig. 4. We treat the mesh as a network.
Curvature flows along the edges when vertex radii change.
Suppose v; and vj are two adjacent vertices, such that the
logarithms of the radii change by u; and uj, respectively,
and the conductivity (weight) for the edge is w;; > 0, which
depends on the current vertex radii.

Then, the curvature flux from v; to v; along the edge is

Kij ... wij uj U . Each vertex has several edges con-
nected to it, so the net edge curvature ny equals the overall

curvature change at the vertex, k.. ; kij. Therefore, the

Laplace matrix has an explicit form: .. dj;
8
< pVij i6. J;hvi;v; 2 E;
dij .. - kWik §..]; 3
-0 i6. j;hviv; 8 E:

We now explain the geometric meaning of the edge weight.
On each face, there exists a unique circle perpendicular to all
three circles, as shown in Fig. 3 with the red circle. The center
of the circle is the radial center (or power center). Then, the
weight for a halfedge equals to T—'J’ where hj; is the distance
from the radial center to the halfedge, and [;; is the current
length of the halfedge. The edge weight is the sum of its two
halfedge weights and depends on the current curvature (or,
equivalently, the radii). Therefore, the Laplace-Beltrami
operator is dynamic. This fact makes the whole theory more
complicated.

Algorithm 1 computes the inverse curvature map, which
can be applied for conformally parameterizing general
meshes directly. Fig. 5 demonstrates some parameterization
results using this algorithm.

Algorithm 1 for computing the discrete conformal
metric u from the prescribed curvature k is as follows:

Algorithm 1: Inverse curvature map u ... K ! k
Compute the initial circle packing metric M; ;
Compute initial curvature k
u C ug, where ug is the initial circle packing metric.
while jk  kj>"do

Compute wjj u to form the Laplace matrix u .
du¢C u 'k k
uCu du
k CKu
end while

uCu

2.3 Relation with Discrete Ricci Flow
Inverse curvature map can also be deduced from the theory
of discrete Ricci flow [28]. The fact that curvature map K :
u ¥ ks invertible is proved in the following way.

Let ug be the initial metric with the curvature kq. Suppose k
is the prescribed curvature and its corresponding metric is u,
then we can define the following discrete Ricci energy as

Z u
Eric U ... k

Uo

kTd : 4
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Mesh Preparation ‘—»‘Compute the Initial CP Metric " Select the Singular Vertex Set ‘—* Optimization[ Embedding

Fig. 2. Algorithm pipeline.

From discrete Rigci flow theory, Egric U is convex in the
subaffine space u; ... 0, and u is the unique global minimal
point. The target metric u can be obtained by minimizing the
energy, using the steepest descent method

du

s rEricu ... k k;

which is the discrete Ricci flow. Therefore, the curvature
map K is invertible.

In order to compute the optimal parameterization, we
need an explicit form of the Jacobi matrix of the curvature
map, which is related to the Hessian matrix of Egj. u . This
is the key step for a nonlinear optimization algorithm.

3 OPTIMAL SURFACE PARAMETERIZATION

This section explains the algorithm pipeline for the
optimization system as shown in Fig. 2. Each section
corresponds to one step in Fig. 2, respectively.

3.1 Mesh Preparation (Optional)

In practice, the initial circle packing metric requires all the
edge angles to be acute, so that the Jacobi matrix of the
curvature map is positive definite (equivalently, the Ricci
energy (4) is convex) to ensure the uniqueness of the solution.
If the input mesh has too many obtuse angles and skinny
triangles, we remesh it using the algorithms described in [35]
and [36] to improve the mesh quality.

3.2 Computing the Initial Circle Packing Metric

We use a simple method for the initial circle packing metric,
described in Algorithm 2.

Algorithm 2: Compute the initial circle packing metric

for all faces ivj; vj; vk 2 F do

for all corners c;j, related to v; in each face do

6 lii |2, ljk

end for
end for
for all vertex v; 2V do

i maxf c jcis attached to vig

Fig. 3. Circle packing metric.

end for
for all edges tvj;vj; 2 E do

12 2
ij i i

2
. i 1
ij -~ minfcos 70

159, where l; is the euclidean

edge length
end for

In experiments, this algorithm guarantees to get acute
corner angles, and the initial circle packing metrics are very
closed to the induced euclidean metric of the mesh.

3.3 Selecting Singular Vertex Set

In order to reduce the area distortion, it is very helpful to
concentrate curvatures on a subset of vertices, which we call
a singular vertex set. For example, if a mesh has boundaries,
all of the boundary vertices are in the singular vertex set in
general. Moreover, we can set several interior vertices as
singular ones in order to minimize the area distortions.
Several effective methods have been introduced to select
singular vertices, including manual selection [30], vector
field analysis [37], and spectral analysis [32].

We select the singular vertex set in step 3 of algorithm
pipeline in Fig. 2. Intuitively, we first let the curvature be
uniformly distributed on all vertices, then measure the
area distortion, and finally pick the critical points of the
area distortion function. The algorithm is described in
Algorithm 3. Fig. 6 demonstrates the algorithm using the
Stanford Bunny model.

Algorithm 3: Compute the singular vertex set
ki Oforv;2@M,
Ki 2 nM for vi @M, where n is number of interior
vertices
u K !k using Algorithm 1

S C @M [ flocal minima of ug

3.4 Compute the Optimal Circle Packing Metric
Now, we explain the process to compute the optimal
circle packing metrics in step 4 of the algorithm pipeline
in Fig. 2. There are two methods for the optimization: the
projected gradient method described in Section 3.4.1 and
the free boundary curvature diffusion method described
in Section 3.5.

s ) Wij\
ij

\ l
RS
[V

N

i
o
AN

Ve N

P

fodu

(Skj:zi(Skij 5kij:wij(5uj—5u,-)

Fig. 4. Differential network curvature flow model. The curvature flux
along edge k;; is driven by the gradient of u. The change of curvature
at a vertex k; equals the divergence of the curvature flow.
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Fig. 5. Discrete conformal parameterizations using inverse curvature map ([#v, #f, execution time (in seconds)] are [20,660, 41,118, 6.3], [29,923,
59,417, 11.2], [20,224, 40,118, 5.8], [20,618, 40,803, 6.6], and [10,219, 20,438, 2.5], respectively, with Pentium 4 2.8 GHz with 2-GB memory).

3.4.1 Projected Gradient Method for Optimization

We can define various energy forms to measure the area
distortion. The energy can be defined either in the
conformal metric space or in the curvature space. In terms
of the computational complexity, they are equivalent. We
decide to define the energy in the curvature space because
this is a convex affine subspace. If the energy is convex, only
one optimum exists. Therefore, it is easy to handle both
theoretically and practically.

The possible solutions must be valid parameterizations,
namely, all curvatures are zeros except at the singularities.

Definition 3.1 (admissible curvature space). Given a mesh
M, the vertices are divided into two sets S and N. S represents
the singular vertices, whereas N represents nonsingular
vertices. The admissible curvature space is an affine subspace
defined as the intersection of the following hyperplanes:

8 9
N\ <X =\
K oo fk; ... Og _ kj w2 M _ K- 5
Vi2N T ;28 i

Then, the optimal parameterization problem is equivalent

to optimizing some energy form E k in the admissible

curvature space.
Optimal parameterization problem. Compute the mini-
ma of the energy E k in the admissible curvature space :

mingE k ; ssitt k2

Basically, we compute the gradient of E k with respect
to k, denoted as r¢E, and project the gradient to the affine
subspace k. While the projected gradient is not equal to
zero, k is updated along its direction. Namely, at a critical

Fig. 6. Singularity selection process: (a) and (b) depict the area distortion
of the bunny model without any singular vertex. We select critical points
in ear tips and the point between the roots of the ears. (c) Shows the
area distortion after computing the inverse curvature map with the
selected singular vertices. The uniformity of the area distortion is greatly
improved.

point of E k, rgE is orthogonal to the admissible
curvature space. This procedure can find one local mini-
mum but does not guarantee that neither all minima, nor
the global minimum can be found. In next section, we
design a special energy with a unigue minimum, in order
that this algorithm can reach the global minimum.

Algorithm 4: Optimal discrete conformal parameterization
Randomly selecta k2
repeat

u K !k using Algorithm 1
Compute the gradient ryE
rneEC u 'reE
for all vi 2 N do

riE C rkE < rgE;e >¢j
end for
rE rE <rE:d >jd%j
k k rgE

until jrggj <™

where d is a vector with d; ... 0 for nonsingular vertices and

dj ... 1 for singular vertices.

Theorem 3.2. Suppose k is an interior point of , also an
optimum for an energy form E u , then all the components of
rE corresponding to the singular vertices are equal.

Proof. The proof is based on the KKT theorem [38]. If k
is an optimum of E k , then rE? . Suppose v; is a
nonsingular vertex, the normal to the hyperplane
fki .. 0g is e, the normal to the plane f | >5kj ..
2 M gis d, where d; ... 0 for nonsingular vertices v;
and d;j ... 1 for singular vertices vj. Therefore

<
rgE .. i€i d;
Vi2N
where is a real number. u

The common energy forms used in the literature are

1. ABF energy defined in [21]—this energy measures
the differences between the original and the target
angles at all the corners (a corner is determined by a
face and one vertex adjacent to it):

20 2
Epsr k ... k ko

where K ’s are the original corner angles.
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